
CONCLUSIONS 

Based on the results of this experimental study, the 
following conclusions can be drawn: 

1. The convective heat transfer from a packed bed 
to a flowing gas-solid suspension was measured using 
microwave heating. 

2. Analysis of the data led to a correlation which 
may be used to estimate the convective Nusselt number. 

3. The important correlating parameters were found 
to be the particle Reynolds number, the Archimedes 
number, and the loading ratio. 

NOTATION 

A = surface area of arbitrarily shaped particle 
Ap.e = surface area of the particles in the bed, m2 
A, = surface area of spherical particle 
At = cross-sectional area of test section, m2 
Arm = Archimedes number, DP3gpf(pp - pf) ( 1  - e)2/ 

c,f = specific heat of fluid, J/kg*”K 
cps = specific heat of fines, J/kg*”K 
Dp = diameter of particles in bed, m 
Gf = fluid mass velocity, kg/m2.s 
G, = fines mass velocity, kg/m2-s 
hfp = convective heat transfer coefficient, J/m2-s. “K 
ihfp = Colburn-J factor for convective heat transfer, 

( hb/cp fGf )  Pr2I3, dimensionless 
kf = fluid thermal conductivity, J/m.s-”K 
mf = fluid mass flow rate, kg/s 
m, = solid (fines) flow rate, kg/s 
Nufp = convective Nusselt number, hfp-Dp/lcf, (dimen- 

Nut = total Nusselt number, Nuts, increase in Nusselt 

Prf = Prandtl number, cpf-pf/kf, dimensionless 
Re, = Reynolds number, Dp.uf.pf/pf, dimensionless 
t = temperature, OK, tp of packing, tf of fluid 
uf = fluid velocity, m/s 
Greek Letters 

= bed porosity, dimensionless 
7 = loading ratio ( nis/nif) dimensionless 
pf = fluid viscosity, N*s/m2 

p?, dimensionless 

sionless) 

number due to fines 

pp = bed particle density, kg/ms 
pf = h i d  density, kg/ms 
$s = shape factor, dimensionless 
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Reliability of Optimization Procedures for 
Obtaining Global Optimum 

The importance of the starting point, the size of initial search region, BI-CHONG WANG 
and the search region reduction rate is examined with respect to the reli- 
ability of different direct search optimization procedures in being able to 
furnish the global optimum for nonunimodal systems. Although, in general, 
the reliability of an optimization procedure is problem dependent, it is 
nevertheless clear that reliability cannot be increased simply by selecting 
larger search regions or by reducing the rate of contraction of the search 
region. A more efficient means of increasing reliability is to embody a 
pseudo one-dimensional search in the optimization procedure to enable the 
search to leave a local optimum and proceed to a better optimum. 
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The ease of programming and the ease with which 
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view. Luus and Jaakola (1973) presented a direct search 
method (LJ method) based on random sampling and search 
region contraction. The method is easy to program and 
is also computationally efficient for solving general non- 
linear programming problems. 



Recently, Gaines and Gaddy (1976) introduced a 
method (GG method) where the random points are chosen 
from a nonuniform distribution where the distribution is 
made more peaked about the best point during the course 
of the search. In essence, the effect is the same as obtained 
by the systematic search region contraction in the LJ 
method, but the convergence rate is different as pointed 
out by Heuchoth et al. (1976) in the optimization of six 
nonlinear programming problems. Heuckroth et al. (1976) 
improved the rate of convergence of the GG method by 
incorporating a systematic search region reduction (HGG 
method). A skewing technique was also embodied when 
the search was near the boundary to change the distribu- 
tion of search points and thus to increase the number of 
testing points inside the feasible region. 

When mpltiple optima exist, however, the optimization 
procedures may converge to a local optimum instead of 
the global optimum. The reliability of obtaining the 
global optimum is not only problem dependent but is also 

influenced by the choice of the starting point, the size of 
initial search region, and the rate of reduction of the size 
of search region. To handle problems with numerous local 
optima, Wang and Luus (1977) modified the LJ method 
by incorporating into the LJ method a pseudo one-dimen- 
sional search (WL method). Heuckroth et al. (1976) sug- 
gested periodically expanding the search region for multi- 
modal problems to enable the search to move away from 
a local optimum. No comprehensive evaluation, however, 
exists among the various direct search methods as to their 
suitability for nonunimodal optimization problems. 

By means of optimization of four nonunimodal prob- 
lems, the reliability and convergence of these direct search 
methods are examined in detail, and a modification to the 
WL method is suggested to make it more effective. The 
effect of periodic search region expansion was not studied, 
so that for comparison only the basic GG and HGG meth- 
ods were examined. 

CONCLUSIONS AND SIGNIFICANCE 
Since in the optimization of nonlinear systems there 

may exist more than one local optimum, the knowledge 
of reliability of an optimization procedure in obtaining 
the global optimum is important. The present investiga- 
tion was undertaken to provide such information with 
respect to direct search optimization procedures. Four 
widely different problems were used for the study. 

Of the direct search methods considered in this paper, 
the LJ method is the simplest to use. The search is uni- 
formly distributed in the entire search space, and the rate 
of reduction of the search region is uniform. Although the 
GG method may converge faster than the LJ method to 
the vicinity of the global optimum (for example, within 
l%), the LJ method eventually converges to much tighter 
tolerances (for example, O.OO1ojO) without requiring too 
much extra computational effort. The appropriate reduc- 
tion rate of search region is about 5% ( E  = 0.05). I t  is im- 
portant to note that too small a reduction rate not only 
increases the number of iterations required to reach the 
same level of accuracy but also tends to reduce the reli- 
ability. Too rapid a reduction rate also reduces reliability 
by restricting the search to the vicinity of a local optimum. 

The GG method using nonuniform random scanning in 
the search space and adopting the best point immediately 
as the center point for the next search was found to yield 
about the same reliability as the LJ method. Because of 
the immediate replacement of the center point once im- 
provement has been obtained, it usually converges faster 
than the LJ method to the vicinity of the global optimum. 
However, since the region contraction is accomplished 

by using higher peaked distributions during the course of 
iterations, it is slow in converging to close tolerances 
(O.Ola/,) and is not as effective as the 5% reduction rate 
of the LJ method as the search progresses. The conver- 
gence rate of the GG method can be increased by incor- 
porating a very small amount of search region contraction 
after each iteration, for example, E = 0.01. The HGG 
method without periodic search region expansion yielded 
considerably lower reliability as compared to the LJ and 
GG methods. 

The WL method exhibited better reliability than the LJ 
and the basic GG methods. Its convergence rate is com- 
parable to the LJ method, but because of the pseudo one- 
dimensional search, the computation time may be dou- 
bled. Although the optimal choices of kii and k,j are prob- 
lem dependent, ki, = 2, and kjj = 0.05 to 0.1 are suitable. 
The WL method's reliability is not very sensitive to the 
reduction rate of the search region and is also less sensitive 
to the size of the initial search region than the LJ and GG 
methods. The modified WL method (MWL) eliminates 
the choice of kii and kJj but retains the reliability and con- 
vergence property of the WL method. 

The detailed comparison among the direct search opti- 
mization procedures presented here provides a good under- 
standing of the effects of the initial search region and the 
search region reduction rate, Although perfect reliability 
cannot be obtained by any method for all nonlinear prob- 
lems, the global optimum can usually be obtained with- 
out difficulty if a few starting points chosen at random are 
used. 

In recent years, several direct search optimization pro- 
cedures have been applied to various chemical processes 
(Luus and Jaakola, 1973; Gaines and Gaddy, 1976; Heuck- 
roth et a]., 1976; Chen and Fan, 1976) since they are easy 
to use and are computationally efficient. For complex sys- 
tems, multiple optima may exist. Therefore, the suitability 
of the existing direct search methods for problems possess- 
ing multiple optima is of special interest. 

The main purpose of this paper is to examine the exist- 
ing direct search optimization procedures using random 
scanning (Luus and Jaakola, 1973; Gaines and Gaddy, 
1976; Heuckroth et a]., 1976; Wang and Luus, 1977) in 
order to test their usefulness in the optimization of prob- 
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lems where more than one local optimum exists. Of direct 
interest are the reliability of the method in locating the 
vicinity of the global optimum and the rate of convergence 
to the global optimum. In order to carry out the investiga- 
tion, we have chosen four examples, of which two are 
chemical engineering problems. Thus, a detailed evaluation 
of different methods should provide a valuable guide to 
those involved in process optimization. 

During the course of this investigation we also develop 
and evaluate an alternative to the pseudo one-dimensional 
search procedure presented by Wang and Luus (1977). 

The problem frequently encountered by chemical en- 
gineers is to maximize the function 
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p = f ( X 1 ,  x2, . . . , 2%) (1) 

gj(xl, xz, . . ., 4 5 0 (2) 

ffi 6 6 i = 1,2, . . .,n (3) 

through the appropriate choice of XI, x2, . . ., G. We con- 
sider the general case where P given by Equation (1)  is 
nonunimodal, and the feasible region given by Equations 
(2) and (3) is not necessarily convex. If the upper and 
lower bounds on each of the variables as given by Equa- 
tion (3) are not expressed explicitly in some problems, 
then the bounds simply indicate the region of interest and 
may be easily added to the problem without affecting the 
results. Since the reliability of many optimization methods 
depends on the region allowed for the variables, we use 
Equation (3)  to standardize the search region for the eval- 
uation of different optimization procedures. 

The direct search optimization method suggested by 
Luus and Jaakola (1973) involves really two steps: 

1. Choose a number of testing points (for example, 
loo),  each established by the equation 

subject to the constraints 

and 
j = 1,2, . . ., s 

x = x * + Z r  (4) 
For each testing point Z is different. 

2. At the end of each iteration, x* is replaced by the 
best feasible value of x obtained in step 1, and the region 
r is contracted by a small amount C; that is 

(5) r(j+l)  = (1 - €) r(j) 

Recently, Gaines and Gaddy (1976) suggested that in- 
stead of using a number of testing points before a best 
feasible value of x is determined, only a single testing 
point is chosen at a time. Whenever a feasible testing 
point is better than the previous one, x* is immediately 
replaced by this new point. Furthermore, instead of re- 
gion contraction, they suggested the use of peaked distri- 
bution for the testing points in the form 

x = x * + Z k r  (6) 

where k is a positive odd integer. When k is 1, then 
Equation (6) becomes simply Equation (4), and the 
distribution from which the random numbers are taken 
becomes uniform. When k is greater than 1, the distribu- 
tion becomes peaked. 

Heuckroth et al. (1976) modified the GG method by 
introducing a systematic search region reduction, namely, 
r used in Equation (6) is replaced by r/k. When the 
search was near the boundary, they also used a skewing 
technique which changes the random distribution to in- 
crease the number of feasible testing points. 

For consistency, we specify the initial search region by 
means of bounds on the variables given by Equation (3) : 

r(I) = A ( p  - a) (7) 
For the method of Gaines and Gaddy (GG) , Equation (7)  
is used to specify the search region at each iteration, since 
no region contraction is used. The search region parameter 

is introduced to allow the search region to be changed 
systematically from run to run. 

To handle problems of numerous local optima, Wang 
and Luus (1977) modified the LJ optimization procedure 
by incorporating a pseudo one-dimensional search over all 
the variables to locate the vicinity of the global optimum 
and then switching back to the standard LJ method to 
obtain the refined optimum. The method consists of choos- 
ing a number of testing points (for example, 100) by 
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TABLE 1. DIFFERENT STARTING POINTS USED FOR EXAMPLE 1 

4.395 3.305 1.436 4.128 
1.815 3.500 1.780 5.160 
4.455 2.145 2.864 2.634 
4.850 4.130 1.100 1.878 
2.250 4.005 3.720 2.178 
0.995 4.875 1.716 4.056 
4.530 2.285 3.580 0.948 
0.165 0.415 1.056 0.330 
4.575 3.420 3.692 3.378 
4.445 1.385 2.568 3.348 
2.500 2.500 3.000 3.000 
0.000 0.000 1.000 0.000 
5.000 5.000 5.000 6.000 

1.700 
2.908 
2.252 
1.580 
1.524 
1.296 
1.864 
3.444 
1.556 
1.960 
3.000 
1.000 
5.000 

8.790 
1.310 
9.750 
9 .o 10 
1.210 
6.770 
5.670 
9.750 
3.980 
4.420 
5.000 
0.000 

10.000 

x = x * + K Z r  ( 8 )  
where K is an n x n diagonal matrix with diagonaI ele- 
ments kji = 2 and kjj = 0.05 for j = 1, 2, . . ., i - 1, 
i + 1, . . ., n. This allows a search to be performed on 
the ith variable while restricting the range for the other 
variables. The search region is contracted as in Equation 
( 5 ) ,  and only a small number of iterations (for example, 
10) are performed. The original search region then is re- 
stored, and the search proceeds to the next variable. This 
is continued until the pseudo one-dimensional search has 
been used on each of the variables. Thereafter, the L] 
method with a small search region (for example, 30% 
of the original search region) is used to refine the solution. 

It is not at all clear how the reliability of the GG method 
and its modifications (HGG method) compare to the LJ 
method and WL method (modified LJ method) when 
numerous local optima are encountered. The aim here is 
to carry out detailed comparisons with nonunimodal prob- 
lems and to find the appropriate conditions for using these 
methods. The GG and HGG methods were not tried by 
periodically expanding the search region. This modifica- 
tion may increase the reliability of these methods but at 
too great an increase in computation time. 

EXAMPLES 

As the first example, consider the problem presented by 
Kesse (1973), where it is required to maximize 

P = 2 5 ( ~ 1  - 2)' + (xZ - 2)' + ( ~ 3  - 1)' 

+ (xa - 4)' f (Xg - + (x6 - 4)' (9) 

2 4 ~ l + ~ 2 4 6  (10) 

- X I  + x z " 2  (11) 

X i  - 3x2 2 (12) 

(13) (x3 - 3)2 + x* % 4 

(x5 - 3)2 + '#g 4 (14) 

0 21 (15) 

subject to 

0 4 ~ q L 6  ( 18) 

1 4 x 5 6 5  (19) 

0 4 X 6 ~ 1 0  (20) 
There exist eighteen local maxima, of which the global 
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TABLE 2. COMPAIUSON OF DIFFERENT METHODS FOR SOLVING E X A ~ L E  1 

Average number of function 
evaluations re uired to 

Reliability reach the aobal Average 
success maximum within computation 

Method 1 ratio 0.1% 0.01 % 0.001% time, shun 

1 5/13 1959(1458)'  2 468 (2 025) 3292(2877)  2.13 

GGt 1 9/13 1 339 (767) >5 156 ( 1  404) NC'O 4.90 
2 12/13 1201 (505) >4 591 ( 1  384) NC 4.90 

WL 1 13/13 1950 (1457) 2560(1995)  2858(2450)  4.29 
2 13/13 1 787 (1 487) 2 378 ( 1 898) 2977 (2601) 4.29 

2 11/13 1674 ( 1  194) 2 334 ( 1  664) 2 532 ( 2  153) 2.08 
LJ 

Minimum number of function evaluations are shown in parenthesis. 
O 0  Nonconvergence to this level in any of the runs. 
t Start with k = 3; after twenty improvements of P, k = 5. For another twenty improvements, k = 7. This policy is used unless otherwise speci- 

fied. 

maximum is at x = (5, 1, 5, 0, 5, 
To examine the reliability of the methods, we choose 

thirteen different starting points given in Table 1. The 
first ten points were chosen at  random in the allowable 
range. The last three correspond to the bounds on the 
variables and the midpoint. Reliability is expressed as the 
ratio of the number of successful runs reaching the vicinity 
of global optimum to the total number of runs. With these 
thirteen starting points and for two different values of 
initial search region parameter A, the results are given in 
Table 2. The GG method gave a higher success ratio than 
the LJ method for each value of A. Also, it is noted that 
the larger initial search region yielded substantially higher 
reliability for both of these methods. The WL method, 
however, gave a success ratio of 13/13 for both values of A. 

The convergence rate of the GG method, however, is 
rather slow to close tolerances of the optimum. To reach 
to within 0.01% of the global optimum requires more than 
twice as many function evaluations as the LJ method. In 
none of the cases could we reach 0.001% as shown in 
Table 2. Here, the average number of function evaluations 
is the arithmetic mean of the successful runs. A greater 
sign indicates an estimated average value, because not all 
successful runs could reach this specified level. The ratio 
of the average number of function evaluations to reach 
0.001% level as compared to 0.1% level is about 1.7 for 
the LJ method. This illustrates the fact that the LJ method 
can reach within O.OOlY, of the global optimum without 
too much extra effort. 

Further investigation showed that if seventeen local 
maxima were used as the starting points with initial search 
region parameter A = 2, the number of successful runs 
were 8, 9, 16 for the LJ, GG, and WL methods, respec- 
tively. This illustrates the different capabilities of each of 
these methods in proceeding to the region containing the 
global maximum when the search starts with the most 
adverse starting points, namely, at other local optima. 

The second example to be considered is the geometrical 
roblem presented by Luus (1974). This problem is to 

i n d  the maximum of the funation 

with P = 310. 

P = XI2  + x22 + x32 (21) 

TABLE 3. STARTING POINTS FOR EXAMPLE 2 

x1 x2 9 P 

1.04400 2.48909 1.78541 10.47319 
1.37172 - 2.13008 1.77488 9.56906 
2.22288 - 0.17259 1.98899 8.92706 
1.5741 1 -1.79381 - 1.75688 8.7822 1 
2.04195 -0.95967 - 1 .go526 8.72054 

-1.41862 -0.16050 1.01260 3.06360 
- 1.40498 -0.24513 - 1.00200 3.03807 

subject to 

(24) - 2.3 4 xi 4 2.7 i = 1 , 2  
This problem corresponds to the one considered by Luus 
(1974) to illustrate the two-pass method for solving op- 
timization problems containing difficult equality con- 
straints. There are four local maxima. of which the elobal 
maximum is at x = (0.988, 2.674, -1.884)T withop = 
1 1.67664. 

Seven starting points given in Table 3 were used for the 
investigation. The initial search region parameter A was 
taken to be 2. For this example, the reliability of the LJ 
method was the same as the WL method, both higher than 
for the GG method, as shown in Table 4. The rate of 
convergence of the GG method to close tolerances was 
again poor. It could not converge to even 0.01% level 
and had difficulty in converging to the 0.1% level. The 
LJ and WL methods, however, exhibited no such difficulty 
in convergence. 

The minimum cost of a reactor-heater system with an 
auxiliary cooler (Chen and Fan, 1976) is considered next. 
The optimum obtained by Chen and Fan (1976) was 
obtained by all of the existing direct search optimization 
procedures considered in this paper. None of the pro- 
cedures failed to identify the global minimum cost from 

TABLE 4. COMPARISON OF DIFFERENT METHODS FOR SOLVING EXAMPLE 2 

Average number of function 
evaluations re uired to 

Reliability reach the &bal Average 

6/7 2 175 ( 1  683) >3 723 ( 2  869) 1.46 

6/7 1 942 ( 1  441) >4 186 ( 3  029) 2.57 

maximum within computation 
Method ratio 0.1 % 0.01% time, s/run 

success 

4/7 >3 571 (1 274) NC 3.43 
LJ 
GG 
WL 
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every starting condition which was considered. Less than 
250 average function evaluations and 0.1 s were required 
to reach within 0.001% of the global minimum for the LJ 
method. 

MODIFIED PSEUDO ONE-DIMENSIONAL SEARCH 

In the last section, the pseudo one-dimensional search 
procedure presented by Wang and Luus (1977) has been 
shown to be more reliable than the other two procedures. 
However, it did fail to locate the global maximum twice 
out of fifty runs performed on the first two examples. An 
alternative way of random scanning which enlarges the 
pseudo one-dimensional search region while retaining the 
original distinct characteristic is to replace Equation (8) 
by the expression 

where M is an n x n diagonal matrix with diagonal ele- 
ments mi+ = 1 and mii = zip for j = 1, 2, . . ., i - 1, 
i + 1, . . ., n. The rest of the procedure is the same as the 
WL method outlined earlier in this paper. The results of 
applying this procedure to examples 1 and 2 yield con- 
siderably better reliability as is shown in Table 5. The 
rate of convergence is rapid and corresponds to the LJ 
rate. 

x = x * + M Z r  (25) 

APPLICATION TO AIR POLLUTION CONTROL 

In monitoring air pollution, it is useful to know the maxi- 
mum ground level concentration of pollutants resulting 
from the emission from multiple sources. 

For the purpose of testing the usefulness of the direct 
search optimization procedures in air pollution control, the 
simple Holland's plume rise equation and Gifford's disper- 
sion equation are used (Turner, 1973) for estimating the 
ground level sulfur dioxide concentration. Let us consider 
an environment with ten stacks. Under adiabatic condi- 
tions, the ground level concentration of sulfur dioxide is 
given by 

(26) 
where 

Yi = sine ( x  - ai )  + cost? ( y  - bi) i = 1,2, . . ., 10 

(27) 
By curve fitting Figures 3-2 and 4-1 of Turner (1973), 

the standard deviations uyi and uzi are given by 

0.9591 Xi' 10 

0.1136 Xi0,9265 10 < xi 2 x 103 

0.2030 Xio.s600 104 < xi 4 105 (28) 

0.1385 Xi0.9015 2 X 103 < Xi 6 lo4 

X * L  10 

10 < xi 200 

200 < xi 4 103 

I uyi = 

u y p &  = 
0.07925 

4.828 x 10-5 (In Xi)8J3766 

3.108 x 10-6 (In Xi)103295 

1.808 x 10-7 (inxip999* 1 O 3 < X i L 5 ~  103 

1.892 x 10-9 (In Xi)14J284 5 x 103 < Xi 4 lo5 
(29) 

1 
where the downwind distance from the ith stack is given by 
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Xi = C O S ~  (X  - R) - sine (y - bt) i = 1,2, . . ., 10 

(30) 
The effective stack height Hi in Equation (26) is the 

sum of the stack height HSi and the plume rise A H ,  which 
(Turner, 1973) is given by 

AHi = [ 1.5 + 2.68 T . s i - T a  +,2, . . . , l o  
U Tsi 

(31) 
The problem is to find the coordinates on the ground 

x, y, the wind velocity u, and the wind direction 6 for 
which C given by Equation (26) is maximum. From phys- 
ical considerations, we impose the following constraints: 

-20 000 L X  4 2 0  000 (32) 

-20 OOO 'y 20 OOO (33) 
0 < u A 12.5 (34) 

O L l 9 L 2 n  (35) 
The stack and emission data are given in Table 6. 

This problem has numerous local maxima, of which the 
global maximum is at x = -8 039.6, y = 9 369.2, u = 
5.6371, 0 = 3.996, with C = 7.7114 x g/m3 (or 
28.4 pphm). What makes the problem challenging is the 
existence of a large local maximum C = 7.5316 x lod4 
g/m3 at x = 18 103.2, y = -1 579.6, u = 6.0238, 9 = 
-0.00447. This local maximum is only 2.3% less than 
the global maximum. 

In order to ensure that we are seeking the maximum 
in a downwind direction, we seek e by the equation 

2n - tan-' (y/x) + I x > 0,  y > 0 

e =  { T - tan-' (y/x) + I x < 0 
- tan-' (y/x) + @' x > 0, y < 0 

(36) 
where I is a small value. Therefore, the new four inde- 
pendent variables are x, y, u, and ty. 

In this approach, nine ground locations (10 000, 10 OW), 
(10000,0), (10000, -lO000), ( 0 ,  l O O O O ) ,  (0 ,  O ) ,  (0, 
-10 OOO), ( -10 000, 10 OOO), (-10 000, O ) ,  (-10 000, 
-10 000) with u = 6.0, I = 0.0 were used as nine start- 
ing points. The initial search region for 8' was 0.1X. The 
results are shown in Table 7. The reliability of all methods 
is not as high as that for solving examples 1 and 2 owing 
to the fact that, as stated before, there is a local maximum 
which differs only 2.3% from the global maximum and 
is far away (in the fourth quadrant) from the global maxi- 
mum. 

To improve the reliability, however, we may transform 
the problem into polar coordinates. Thus 

x = pcos 4, y = - psin + (37 1 
le=$+I (38) 

(39) 

04$'2n (40) 

0 < u 12.5 (41) 

0 A p L- 20 000 

When the search center is near the vicinity of the local 
maximum located in the fourth quadrant, in polar coordi- 
nates a proper change of only 4 can bring the search into 
the vicinity of the global maximum located in the second 
quadrant, whereas changes in both x and y are required 
for Cartesian coordinates. Therefore, by requiring a change 
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TABLE 5. RELIABLILITY AND CONVERGENCE PROPERTIES OF THE MODIFIED PSEUDO ONE-DIMENSIONAL 
SEARCH PROCEDURE (MWL) 

Example 

1 

1 

2 

ai 

-3 000 
-2 600 
-1 100 
1 000 
1 000 
2 700 
3 000 

-2 000 
0 

1 500 

Reliability 
Starting success 

condition ratio 0.1% 

Table 1 13/13 1634 (816) 

Local maxima 17/17 1 667 (618) 

Table 4 7/7 1815(1769) 

A=2 

A=2 

h=2 

TABLE 6. STACK AND EMISSION DATA 

-2 500 
- 300 

-1 700 
-2 500 
2 200 
1 000 

-1 600 
2 500 

0 
-1 600 

183.0 
183.0 
160.0 
160.0 
152.4 
152.4 
121.9 
121.9 
91.4 
91.4 

8.0 
8.0 
7.6 
7.6 
6.3 
6.3 
4.3 
4.3 
5.0 
5.0 

413 
413 
413 
413 
413 
413 
413 
413 
413 
413 

2 882.6 
2 882.6 
2 391.3 
2 391.3 
2 173.9 
2 173.9 
1173.9 
1173.9 
1304.3 
1304.3 

19.245 
19.245 
17.690 
17.690 
23.404 
23.404 
27.128 
27.128 
22.293 
22.293 

TABLE 8. STARTING POINTS FOR Am POLLUTION PROBLEM 
IN POLAR COORDINATES 

0 
0 

6 000 
2 000 
15 000 
8 000 
18 000 
6 000 
10 000 
5 000 

0 
2.2 
0 
0.9 
1.6 
4.4 
0.7 
2.6 
1.3 
3.5 

5 
10 
20 
5 
2 
12 
7 
17 
1 
15 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

of only one variable to leave the local optimum, the polar 
coordinate system is expected to provide a higher reli- 
ability. 

By using ten random starting conditions given in Table 
8, the reliability success ratios obtained are 7/10, 8/10, 
8/10, and 8/10 for the LJ, WL, GG, and MWL methods, 
respectively. The dependence of the reliability on the 
choice of h is discussed in the following section. 

DISCUSSION 

Three principal factors affecting the reliability of direct 
search optimization procedures are the starting point, the 
size of the initial search region, and the rate of search re- 
gion reduction. If the starting point is close to a local opti- 
mum, large initial search region with slow rate of search 
region reduction provides a good chance for the search 
to leave the vicinity of such a local optimum to proceed 
to a global optimum. The effects of the choices of A, C, kit, 
and kj, on the reliability of the direct search methods are 
now analyzed in greater detail. 

The Effect of initial Search Region on the Reliability 

The initial search region should cover the entire feasible 
region during the first few iterations in order to have ac- 
cess to any feasible point. By using ten random starting 

Average number of function 
evaluations required to 

reach the global Average 
maximum within computation 

0.01% 0.001% time, shun 

2 372 (2 048) 2 900 (2 504) 4.43 

2211 (1712) 2 827 (2 525) 4.41 

>3 461 (2 720) >4 029 (4 029) 2.57 

TABLE 7. COMPARISON OF DIFFERENT METHODS FOR SOLVING 
Am POLLUTION PROBLEM 

Reliability 
success 

ratio 

Method A = l  h=2 

LJ 
GG 
WL 
MWL 

6/9 3/9 
5/9 2/9 
5/9 6/9 
4/9 8/9 

TABLE 9. THE EFFECT OF h ON THE RELIABILITY OF DIRECT 
SEARCH METHODS FOR EXAMPLE 1 

Reliability success ratio 

LJ WL MWL 
I. (e = 0.05) (E = 0.05) (E = 0.05) GGO HGGO 

1 3/10 10/10 7/10 7/10 2/10 
2 8/10 10/10 10/10 9/10 5/10 

4/10 
4/10 3/10 

3 7/10 9/10 8/10 
4 6/10 6/10 6/10 4/10 

* Start with k = 1. After five improvements of P, k = 3. After an- 
other fifteen improvements of P, k = 5. For another twenty improve- 
ments, k = 7. This policy was used for all runs in the section of dis- 
cussion. 

TABLE 10. RANDOM STARTING POINTS FOR EXAMPLE 2 

- 1.430 
-1.180 
- 1.405 
0.747 
1.332 
1.082 

-0.974 
-0.327 
0.006 
1.260 

1.090 
-0.632 
0.880 
0.908 

-0.273 
- 1.422 
0.704 

-0.577 
0.051 
0.315 

1.400 
- 1.400 
-0.100 
-0.200 
-0.900 

1.000 
0.600 
1.100 

-0.300 
0.800 

TABLE 11. THE EFFECT OF h ON THE RELIABILITY OF DIRECT 
SEARCH METHODS FOR EXAMPLE 2 

Reliability success ratio 

WL MWL 
HGG 

LJ 
h (e 0.05) (E = 0.05) (E = 0.05) GG 

1 8/10 10/10 7/10 9/10 4/10 
2 6/10 9/10 10/10 7/10 6/10 
3 5/10 8/10 1.0/10 6/10 4/10 
4 6/10 9/10 10/10 7/ 10 5/10 
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TABLE 12. THE EFFECT OF h ON THE RELIABILITY OF DIRECT TABLE 13. THE EFFECT OF REGION REDUCTION RATE ON THE 
RELIABILITY OF DIRECT SEARCH METHODS FOR EXAMPLE 1 

SEARCH METHODS FOR AIR POLLUTION PROBLEM IN 
POLAR COORDINATES 

Reliability success ratio 

WL MWL 
GG 

LJ 
h (e = 0.05) (e = 0.05) (e = 0.05) 

1 7/10 4/10 8/10 8/10 
2 4/10 8/10 8/10 4/10 
3 3/10 3/10 5/10 5/10 
4 5/10 4/10 4/10 6/10 

TABLE 14. THE EFFECT OF REGION REDUCTION RATE B ON THE 
RELIABILITY OF DIRECT SEARCH METHODS FOR EXAMPLE 2 

Region 
reduction Reliability success ratio 

rate LJ WL MWL 
e h = l  h = 2  h = 1  h = 2  h = l  h = 2  

0.01 8/10 3/10 10/10 9/10 10/10 10/10 
0.03 7/10 7/10 10/10 9/10 9/10 10/10 
0.05 8/10 6/10 10/10 9/10 7/10 10/10 
0.07 7/10 7/10 10/10 9/10 8/10 10/10 
0.10 8/10 7/10 10/10 9/10 8/10 10/10 

points (from Table 1) to solve example 1, the reliabilities 
of the five direct search methods for four different values 
of A are reported in Table 9. It  is observed that the WL 
and MWL methods achieved reliability of 6/10 or greater 
for the entire range of A, but as A increases beyond the 
value 2, the reliability of all methods decreases. Thus 
the reliability cannot be increased simply by increasing the 
size of the search region. Also, it is noted that the search 
region reduction suggested by Heuckroth et al. (1976) 
does not improve the reliability. Similar results were ob- 
tained for example 2 by using the random starting points 
given in Table 10 to give the results in Table 11. For solv- 
ing the air pollution problem, the starting points from 
Table 8 yielded the reliabilities shown in Table 12. Here, 
the MWL method yielded the best reliability and was 
least sensitive to the choice of A. Unlike examples 1 and 
2, for this example none of the methods can yield perfect 
reliability for any value of A. However, the reliability suc- 
cess ratio of 8/10 is very good for this problem. 

The Effect of Search Region Reduction Rate on the Reliability 
Table 13 shows the effect of E on the performance of the 

LJ, the WL, and the MWL methods for example 1. It  is 
noted that decreasing E does not necessarily increase the 
reliability. Table 14 shows similar results for example 2. 
From these examples we conclude that the reduction 
rate should be intermediate, such as E = 0.05, for good 
reliability. The WL and MWL methods are least sensitive 
to the choice of C. 

The Effects of kii to kjj  on the Performance of the WL Method 
Different ratios of kii to kii were used to examine their 

effects on the W L  method. Table 15 shows that when kii/kjj 

< 40, the reliability was decreased. Table 16 shows similar 
results in reliability for example 2. The reliability of the 
WL method (kii = 2)  for solving the air pollution prob- 
lem in the Cartesian coordinates was 6/9, 8/9, and 7/9 for 
kjj = 0.05, 0.10, and 0.15, respectively. Therefore, for 
example 4, the choice of kii/kjj = 20 is better than the 
other two choices. 

Although only four examples were fully examined in 
this paper, it is clear that direct search methods are very 
useful in the optimization of systems possessing numerous 
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Region Reliability success ratio 
reduction 

rate LJ WL MWL 
c h = l  h = 2  h = l  1 = 2  h = l  h = 2  

0.01 5/10 3/10 10/10 8/10 7/10 10/10 
0.03 6/10 8/10 10/10 9/10 7/10 9/10 
0.05 3/10 8/10 10/10 10/10 7/10 10/10 
0.07 1/10 7/10 10/10 9/10 8/10 10/10 
0.10 1/10 6/10 10/10 9/10 5/10 10/10 

TABLE 15. THE DEPENDENCE OF THE WL METHOD ON THE 
CHOICE OF K FOR EXAMPLE 1 

Reliability 

ratio 
success 

kii kjj kiJkjj 1 = 1  h = 2  

2 0.01 200 10/10 10/10 
2 0.05 40 10/10 10/10 
2 0.10 20 9/10 8/10 
2 0.20 10 6/10 7/10 

TABLE 16. THE DEPENDENCE OF THE WL METHOD ON THE 
CHOICE OF K FOR EXAMPLE 2 

Reliability 
success 

ratio 

kii kij kiifkjj h = l  h = 2  

2 0.01 200 10/10 9/ 10 
2 0.05 40 10/10 9/10 
2 0.10 20 10/10 8/10 
2 0.20 10 10/10 8/10 

local optima. When proper choice of the parameters such 
as A and E is used, only a few different starting points are 
required to locate the global optimum. For the LJ and 
the GG methods, if the global optimum is not expected on 
the bounds of independent variables (for example, exam- 
ples 2 and 4) ,  A = 1 tends to be better than h = 2. If, how- 
ever, the global optimum is on the bounds (for example, 
example l),  then the larger search region with = 2 is 
better. For the WL and MWL methods, h = 2 tends to 
be better. The search region reduction is an important 
feature, and the rate should be neither too large nor too 
small. Although the optimum reduction rate is problem 
dependent, for numerous systems it was found that E = 
0.05 is a very good choice. The convergence rate of the 
GG method is slow when the search is close to the global 
optimum because no search region contraction is used. On 
the other hand, the reduction rate in the HGG method 
appears to be too rapid for any improvement in the re- 
liability over the GG method. Unless periodic expansion 
of the search region is used, therefore, the basic HGG 
method is not well adapted for multimodal systems. 

In all of the direct search optimization procedures there 
are some parameters which one may change to suit a par- 
ticular problem. Since the W L  and MWL methods are least 
sensitive to the changes of and E ,  their usefulness should 
be greater in solving unfamiliar problems. Even for very 
complex problems possessing numerous local optima, the 
direct search optimization procedures provide sufficiently 
high reliability in obtaining the global optimum, so that 
only a few random starting points are necessary to locate 
the global optimum. 
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P 
uyi 
uzi 

x coordinate of stack i, m 
y coordinate of stack i, m 
average ground level sulfur dioxide concentration 
based on 30 min sampling time, g/m3 
exit diameter of stack i, m 
effective height of stack i, m 
height of stack i, m 
weighting parameter defined by Equation (6) 
n x n diagonal matrix defined by Equation ( 8 )  
n x n diagonal matrix defined by Equation (25) 
emission rate of stack i, g/s 
search region defined by Equation (7)  
air temperature, taken as 283°K 
exit gas temperature at  top of stack i, O K  

wind velocity, m/s 
exit gas velocity of stack i, m/s 
ii,dependent variable 
best value of x 
downwind distance from stack i, m 
crosswind distance from the plume center line of 
stack i, m 
n x n diagonal matrix consisting of random num- 
bers between -1.0 and 1.0 

wise from x axis, radian 

Superscripts 

i = iteration number 
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Internal Boiling and Superheating in 
Vaporizing Muhicomponent Droplets 

The vaporization and combustion of a miscible multicomponent droplet 
in a quiescent atmosphere is analyzed by assuming transient-diffusive trans- 
port within the droplet, quasi steady diffusive-convective transport in the gas 
phase, and ideal solution behavior for the mixture. Results on the vaporiza- 
tion of a binary droplet show that owing to the significant liquid phase diffu- 
sional resistance, the vaporization process approximately consists of an initial 
transient regime, an intermediate, diffusion limited, almost quasi steady re- 
gime, and a final volatility limited regime. It  is further demonstrated that the 
entrapment of the volatile components within the rapidly heated droplet in- 
terior may lead to the initiation of either homogeneous or heterogeneous nu- 
cleation, which can result in the fragmentation of the parent droplet with 
the internal pressure buildup. 
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ond Astronautical Sciences 
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Evonston, Illinois 60201 

SCOPE 
For vaporizing multicomponent droplets without much 

internal circulation, the extremely slow process of liquid 
phase mass diffusion is rate limiting such that vaporization 
ceases to resemble the batch distillation process as gov- 
erned by volatility differentials. The entrapment of the 
volatile components within the rapidly heated droplet in- 

0001-1541-78-1541-0626-$00.95. 0 The American Institute of Chem- 
ical Engineers, 1978. 

terior may subsequently Iead to homogeneous or hetero- 
geneous nucleation and hence further atomization of the 
liquid droplet due to the internal pressure buildup. It is 
also suggested that the heterogeneously induced fragmen- 
tation is a possible mechanism in preventing the formation 
of large coal particle agglomerates in vaporizing coal slurry 
droplets. The present study aims to explore and quantify 
the vaporization and nucleation characteristics of a multi- 
component droplet in typical combustor environments. 
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